A theory is presented for the transition between the co-flowing and drop-generation regimes observed in microfluidic channels with rectangular cross-section. This transition is characterized by a critical ratio of the dispersed-to-continuous-phase volume flow rates. At flow-rate ratios greater than this critical value, drop generation is suppressed. The critical ratio corresponds to the fluid cross-section where the dispersed-phase fluid is just tangent to the channel walls. The transition criterion is a function of the ratio of the fluid viscosities, the three-phase contact angle formed between the fluid phases and the channel walls, and the aspect ratio of the channel cross-section; the transition is independent of interfacial tension. Hysteretic behavior of drop generation with respect to the flow-rate ratio is predicted for partially-wetting dispersed-phase fluids. Experimental data are consistent with this theory.
I. INTRODUCTION
The field of microfluidics has led to devices with lowered costs that are capable of swift analysis, yielding high resolution and increased sensitivity [1] . Many devices for controlling microfluidic flows have been developed, the most common being T-junction [2] , flowfocusing [3] , and co-flowing [4] devices. Some applications, such as microfluidic rheometry [5, 6] , rely on co-flowing streams of immiscible fluids. Most applications, however, rely on precisely controlled drop generation and many mechanisms of drop generation have been identified, including squeezing, dripping, and jetting modes [7] [8] [9] ; applications that rely on drop generation include high-throughput screening devices [10] and biochemical assays [11] . Controlling the transition between co-flowing and drop-generation regimes is critical to the design and optimization of microfluidic devices and is the subject of this paper.
The breakup of a cylindrical fluid stream surrounded by a second co-flowing immiscible fluid results from the interfacial-tension-driven growth of varicose waves at the fluid-fluid interface. The confining walls of a microfluidic device can hinder breakup [12] [13] [14] and drop generation does not occur for a fluid stream in contact with confining walls because the pinned contact lines prevent the growth of varicose waves [15, 16] . The two-fluid co-flowing crosssection configuration shown in Fig. 1a is unstable because the inner fluid stream does not span the channel, leading to drop generation. The co-flowing configuration shown in part (c) of the figure is stable due to confinement. The critical cross-section configuration that separates the drop-generation and co-flowing regimes in a rectangular channel corresponds to that depicted in Fig. 1b . * joseph.buttacci@yale.edu
The stable configuration depicted in Fig. 1c corresponds to the case where the inner fluid is non-wetting. If the inner fluid partially wets the channel walls, a typical stable configuration corresponds to that depicted in part (e) of the figure. The configuration depicted in part (d) is a second critical configuration that arises in systems with partially-wetting dispersed-phase fluids. The presence of two critical configurations (1b,d) for a partially-wetting dispersed-phase fluid explains the hysteretic behavior of drop generation observed in some experiments [17] . Accordingly, the critical configuration depends on whether the transition is from co-flowing to drop-generation or vice versa.
An analysis of critical two-phase configurations (Fig. 1b,d ) in microfluidic devices is presented. The results provide quantitative criteria for the transition between co-flowing and drop-generation regimes. The problem is formulated and the critical flow-rate ratio, corresponding to the critical configuration, is defined in Sec. II. The calculation of the critical flow-rate ratio is described in Sec. III. Analytical and numerical results are presented in Secs. IV-V, respectively, and the theory is compared to experimental data in Sec. VI.
II. CRITICAL FLOW-RATE RATIO
The cross-section configurations shown in Fig. 1 are characterized by a flow-rate ratio Q 1 /Q 2 , where Q 1 and Q 2 are the volume flow rates of Fluid 1 and Fluid 2 respectively. Figures. 1b,d correspond to the critical values Q 1 /Q 2 = (Q 1 /Q 2 ) cr that separate the drop-generation and co-flowing regimes. The drop-generating configuration depicted in Fig. 1a corresponds to a sub-critical value of Q 1 /Q 2 and the co-flowing configurations depicted in Figs. 1c,e correspond to super-critical Q 1 /Q 2 . The aim of this paper is to determine the dependence of the critical flow-rate ratio (Q 1 /Q 2 ) cr on the system parameters.
FIG. 1. Two-fluid cross-section configurations corresponding to (a) drop generation, (c, e) co-flowing, and (b, d) critical configurations in a 2b × 2w rectangular channel. Dispersed(shaded)-and continuous-phase viscosities µλ and µ, coordinate system, and three-phase contact angle β1 are shown.
A. Assumptions
Under the assumption that the fluids are incompressible and the channel has constant cross-section (and the flow is laminar), the dimensionless velocity fields u (i) (i = 1, 2) are unidirectional [5, 16, 18] , i.e. u (i) (x, y, z) = u (i) (x, y)e z , where the superscripts 1 and 2 refer to the dispersed and continuous phases (Fluid 1 and Fluid 2) and e z is a unit vector in the z-direction. Here, dimensionless variables are defined
where the asterisks denote dimensional quantities, 2b is the channel depth as shown in Fig.1 , µ is the viscosity of Fluid 2, and G is the pressure gradient (the same in both phases [5, 16, 18] ). Accordingly, the velocities are governed by
where λ is the ratio of the viscosities of Fluid 1 to Fluid 2; steady-state is assumed. Fluid 2 satisfies no-slip conditions on the channel boundaries,
where 2w is the width of the microchannel and W = w/b is the aspect ratio of the channel (c.f. Fig. 1 ); W ≥ 1 is assumed. Continuity of velocity and tangential stress are enforced on the fluid interface,
Under the assumption that surface tension is sufficient to dominate normal stresses from gravity, the velocities are independent of the magnitude of interfacial tension [18] and the fluid interface is described by a circular arc with radius R = csc β 1 that intersects the points (0, ±1), where the three-phase contact angle β 1 is the complement of the usual contact angle. The range 0 ≤ β 1 ≤ π/2 is assumed.
The length of the unidirectional flow region is assumed to be sufficiently long for unstable configurations (c.f. A unidirectional analysis may also be relevant for determining the transition between drop generation and co-flowing operation in non-unidirectional devices. In a T-junction device, for example, two-fluid configurations similar to those shown in Fig. 1 describe the flow downstream from the actual junction, where the velocity fields are unidirectional.
According to the foregoing assumptions, the critical flow-rate ratio (Q 1 /Q 2 ) cr depends on the viscosity ratio λ, the three-phase contact angle β 1 , and the aspect ratio of the channel W and is independent of interfacial tension.
III. CALCULATION OF THE FLUID VELOCITY FIELDS
The critical volume flow rates of Fluids 1 and 2 are calculated by computing the velocities and evaluating the volume flux for the critical configurations of the system, c.f., Figs. 1b,d. For convenience, Q 2 is decomposed as
where Q 0 is the volume flow of Fluid 2 in the absence of Fluid 1 and Q ′ 2 is the disturbance due to the presence of Fluid 1. As shown below, Q ′ 2 decays exponentially to a form independent of W .
Solutions of Eqs. (2)
The base velocity field of Fluid 2, u 0 , corresponding to the flow in the absence of Fluid 1 is given by
where u p is the pressure driven component of velocity,
and u w is the wall correction that enforces boundary condition (3) at x = ±W ,
The terms v (1) and v (2) in Eqs. (6) - (7) are series expansions that account for hydrodynamic interactions between the fluids,
where
According to (15) and (16), v 2 (x, y), and thus u (2) (x, y), satisfies boundary condition (3).
The coefficients c k (i = 1, 2) are determined by truncating the velocity expansions (6)- (7) at k = N − 1 and substituting them into boundary conditions (4) . A 2N ×2N system of linear equations is generated by taking the term-by-term inner product with the basis functions f 1 (x, k)g(y, k) (k = 0, N − 1) on a quarter of the fluid interface,
where β 1 R is the arc length of the interface over one quadrant of the cross-section configuration. The aspectratio dependence of the expansion coefficients c (i) k decays exponentially for W ≫ 1 because f 2 ≈ e −α k x and u w ≈ 0 on the fluid interface.
Formulas for evaluating the critical flow rates, Q 1 and Q 2 , are provided in Appendix A. For W ≫ 1, the aspectratio dependence of Q 1 and Q ′ 2 decays exponentially and Q 0 reduces to the linear form (A12). Approximate results for W ≫ 1 are thus obtained from limiting calculations for W → ∞.
The solutions (6)- (7) fail to converge as β 1 and λ increase. However, the expansions described below for β 1 = π/2 and for β 1 ≪ 1 exhibit better convergence and help to circumvent this difficulty.
The special case of a non-wetting Fluid 1 is considered here. The velocity field in Fluid 2 is described as above, but Fluid 1 is more conveniently described in cylindrical coordinates (r, θ, z), where r is measured from the origin and θ is measured relative to the x-axis of the Cartesian coordinate system shown in Fig. 1a . Accordingly,
where the pressure-driven component is given by
and
with basis functions
In the special case W = 1, the odd coefficients c
vanish by symmetry. The coefficients in expansions (21) and (13) are determined by the procedure described in the previous section except here, the basis functions used for the inner products are g 1 (θ, k). Only the first coefficient enters the critical flow rate of Fluid 1, as given by Eq. (A5). A lubrication approximation of the velocity of Fluid 1 is appropriate provided that β 1 ≪ W (here ensured by the assumption W ≥ 1). Accordingly, the velocity of Fluid 1 is
where u I (y) is the plug-flow component (with respect to the x-direction) resulting from the velocity on the interface and u (1) p (x, y) is the pressure-driven component,
(25a,b) Continuity of the velocity at the fluid interface is thus enforced. According to the lubrication approximation, Fluid 1 is eliminated from the problem, its influence incorporated through a modified boundary condition for Fluid 2 derived from continuity of tangential stress,
The result indicates that Fluid 1 acts like a positiondependent surface viscosity, λβ 1δ (y). This boundary condition leads to a linear system of equations for the coefficients in expansion (13) , as shown in Appendix C. The critical flow rate of Fluid 1 reduces to the converged exact solution even at moderate β 1 . All subsequent results for β 1 < π/2 were obtained using the lubrication approximation.
IV. ANALYSIS FOR LOW-AND HIGH-VISCOSITY RATIOS
Here, the limiting cases of low-and high-viscosityratios are presented, separately considering the cases of a non-wetting and wetting dispersed-phase fluid. A summary of these results is given in Table I . The derivation of these formulas is given in the remainder of this section and in Appendices B and C.
For λ → 0, the velocity field in Fluid 1 effectively satisfies no-slip boundary conditions on the fluid interface, and the velocity in Fluid 2 satisfies free-surface boundary conditions. By a regular perturbation for λ ≪ 1, presented in Appendix B 1, the critical volume flow rates have expansions 
where Q
(1) 0 = π/8 and parameters Q
(1)
0 , and Q
are plotted in Fig. 4 . In the limit λ → ∞, the velocity in Fluid 2 satisfies noslip boundary conditions on the fluid interface, yielding a disturbance flow rate that depends only on aspect ratio at leading order. However, λ → ∞ is a singular limit and a boundary layer analysis is required to determine the leading-order flow rate of Fluid 1 for λ ≫ 1; O(λ −1 ) boundary layers form where the fluid interface is tangent to the channel walls. According to the analysis presented in Appendix B 2, the critical flow rates are given by
1 , and C For W > 1, the fluid interface is tangent only to the horizontal channel boundaries (c.f . Fig 1b) , resulting in two boundary layer regions; for W = 1, the fluid interface has four points of tangency, generating four boundary layers. Accordingly, parameters Q (1)
1 , and C 
and the critical disturbance flow of Fluid 2 is
Here, F 2 (W ) decays exponentially to a constant and F 1 (W ) and F 3 (W ) decay exponentially to zero according to Eqs. (C11), (C13), and (C14). The limit λβ 1 → ∞ is singular; boundary layers form near the tangent points (x, y) = (0, ±1) for λβ 1 ≫ 1. The critical volume flow rates in this regime are given by
∞ is h n is given by Eq. (A7), F 4 (W ) decays exponentially to zero and is given by (C17), Q
∞ and B
The parameters C 
V. NUMERICAL RESULTS
Critical volume flow rates were obtained by the numerical procedure described in Sec. III. It is convenient to define the rescaled critical flow rates,
and 
∞ is the coefficient of log λ in Eqs. (31) and (35). The rescaled critical flow rates are shown in Fig. 7 for conditions spanning the entire ranges of the parameters W and β 1 and a wide range of viscosity ratios. The rescaled flow rates converge exponentially in aspect ratio to the results for W → ∞. Calculations indicate that the results are insensitive to aspect ratio for W > 3, consistent with Figs. 4-6. Figure 8 shows the dependence of (Q 1 /Q 2 ) cr on λ for W and β 1 as indicated. The co-flowing regime corresponds to Q 1 /Q 2 >(Q 1 /Q 2 ) cr , i.e., Fluid 1 is confined by the channel walls, suppressing drop generation (c.f. Fig. 1c,e) . Drops are produced when Q 1 /Q 2 <(Q 1 /Q 2 ) cr , i.e., when Fluid 1 does not span the channel (c.f. Fig. 1a) . Figure 9 compares exact calculations for λ(Q 1 /Q 2 ) cr with the approximate calculations for W ≫ 1 described in Sec. III. The results indicate that the wide-channel approximation is accurate for W > 3, consistent with the insensitivity with respect to W seen in Figs. 4-7 . Numerical calculations for the approximate curves shown in Fig. 9 and asymptotic formulas for low-and highviscosity-ratios are given in Appendix D.
The rescaled plots of Q 1 and Q ′ 2 shown in Fig. 7 collapse the theoretical predictions more effectively than the plots of λQ 1 /Q 2 shown in Fig. 8 . However, Q ′ 2 is not directly measured but is instead obtained from Eq. (5). Obtaining the plots in Fig. 7 from experiments would require measurements of the pressure gradient in the region of unidirectional flow (where the critical configuration occurs) to determine the volumetric base flow Q 0 . Unfortunately, the local pressure gradient is not typically reported in experiments.
For the case of a partially-wetting Fluid 1, two critical cross-sections are possible, as shown in Figs. 1b,d , giving rise to hysteresis. The transition from sub-critical values of Q 1 /Q 2 to super-critical values proceeds through the critical configuration Fig. 1b corresponding to curves with β 1 = π/2 in Fig. 8 ; the transition from super-to sub-critical values of Q 1 /Q 2 proceeds through the critical configuration Fig. 1d corresponding to curves with β 1 < π/2 in Fig. 8 . For λ 100, the results in Figs. 7-8 were obtained using the extrapolated O λ −2 expansions (C27)-(C28) for β 1 < π/2 and expansions (B20) -(B21) for β 1 = π/2.
The validity of the lubrication approximation relies on β 1 ≪ W and thus fails for the largest contact angles with W = 1 due to the magnification of error caused by using the lubrication approximation for Q shown in Fig. 7 . Figure 10 shows a comparison between theory and data generated by a co-flowing device [15] . The figure shows that the theory is consistent with most of the observations: drops are generated for values of λQ 1 /Q 2 below the critical curve and co-flowing is observed above. Similar consistency has been observed in data from other groups [19] . Figure 11 shows a comparison between theory and Tjunction data for a system that exhibits hysteresis [17] . The data for each viscosity ratio were obtained from ex- periments with surfactants present in one or the other or both fluids (four possible configurations). The data were provided in aggregate, distinguished only by viscosity ratio, not surfactant configuration; contact angles were estimated from the data in Fig. 12 . Comparing parts (a) and (b) of the figure indicates that the transition from drop generation to co-flowing occurs for flow-rate ratios at least an order of magnitude greater than for the reverse transition (co-flowing to drop generation). Figure 12 shows experimentally measured critical flowrate ratios for the transition from co-flowing to drop generation [17] and theoretical predictions based on a best fit for the contact angle. Four contact angles are seen corresponding to the four configurations of surfactants. This figure indicates that the transition from co-flowing to drop generation is independent of Q 1 , indicating that the transition is independent of surface tension. Data for the reverse transition from drop generation to coflowing [17] (not shown) is also insensitive to Q 1 . Figure 13 presents T-junction data for a channel with square cross-section (W = 1) [18] . The transition between drop generation and co-flowing occurs at a considerably lower flow-rate ratio than predicted by theory. This observation may be explained by the contrast between the predicted critical configuration for a non- wetting fluid in a square channel (c.f., Fig. 14a ) and stable sub-critical co-flowing configurations (c.f., Fig. 14b ) similar to those observed by Guillot & Colin (2005) . Subcritical transition in square cross-section channels was also found in data from other groups [20, 21] . For W ≈ 1, the theory predicts only an upper bound, i.e. drop generation cannot occur for Q 1 /Q 2 >(Q 1 /Q 2 ) cr , but the transition may occur at lower values of Q 1 /Q 2 . The transition between drop generation and co-flowing operation may also occur at flow-rate ratios lower than predicted for W > 1 if the stream of dispersed-phase fluid is off-center, in contrast to the assumption herein (c.f. Fig. 1 ). In this case, the theory provides an upper bound for the transition. An off-center dispersed-phase stream may explain the sub-critical co-flowing seen in Fig. 11a . Similarly, the best-fit contact angles in Fig. 12 may be underestimated.
VI. COMPARISON WITH EXPERIMENTS

VII. CONCLUSIONS
An analysis of the critical flow-rate ratio for the transition between the co-flowing and drop-generation regimes was presented for microfluidic channels with rectangular cross-section. The critical flow-rate ratio corresponds to a critical two-phase flow configuration that occurs in a region of unidirectional flow (elsewhere, the velocity field may be non-unidirectional). The critical flow-rate ratio depends on the viscosity ratio of the fluids, the threephase contact angle formed between the fluids and the channel walls, and the aspect ratio of the channel crosssection. The transition is independent of the magnitude of interfacial tension and thus is not usefully characterized by a capillary number. Hysteresis is predicted for a dispersed-phase fluid which partially wets the channel walls.
For the most part, experimental observations are consistent with the transition predicted by theory. Possible exceptions include square channels and systems with an off-center stream of dispersed-phase fluid. In these cases, the theory provides an upper bound for the transition. It should be possible to extend the unidirectional theory to these cases.
While hysteresis has been observed in microfluidic systems [19, 22] , Zagnoni et al. [17] are the first to report data in terms of the direction of the transition, i.e. from sub-to super-critical flow-rate ratio (Q 1 /Q 2 ) and vice versa, which is useful for interpreting hysteretic data. Measurements of the pressure drop across the region where the critical configuration occurs would allow a significant collapse of the data in terms of rescaled critical flow rates (40)-(41) as shown in Fig. 7 . Further validation of the theory will require additional experiments with partially-wetting systems, including observations of the transition from co-flowing to drop generation and vice versa, as well as contact angle measurements. Critical volume flow rates are calculated by computing the area integrals of the velocity fields u (1) and u (2) , generating Q 1 and Q 2 . In general, Q 1 is expressed as
where Q β and Q ′ 1 are given by
and I ± k are integrals
Here, R, x(s), and y(s) are given by (17) and α k is given by (11b). For β 1 = π/2, the volume flow rate of Fluid 1, obtained from expansion (19) , is
The volume flow rate of Fluid 2 is given by Eq. (5). The base flow component is the integral of the base velocity over the rectangular cross-section and is given by
where h n is defined by
The disturbance flow rate is given by
which can be rewritten as
and components Q ′ ∞ and Q ′ W are given by
Coefficients d k are given by Eq. (11a).
The aspect-ratio dependence of the expansion coefficients c The behavior of a system with a non-wetting dispersedphase fluid in the limits of λ ≪ 1 and λ ≫ 1 is analyzed here.
Low-Viscosity Ratios
A regular perturbation is developed for λ ≪ 1 by expanding the velocities u (1) and u (2) about λ = 0,
Inserting these expansions into Eqs. (2)-(4) yields
The leading order terms u
0 are given by (19) and (7); higher order terms are given by (21) and (13) . These expansions are solved sequentially at each order j, solving first for u (1) j using boundary condition (B5a) and then for u (2) j using (B5b); the sequence is started using u
p (r), given by (20) . Integrating the velocity fields yields critical flow rates (29)-(30).
High-Viscosity Ratios
For λ ≫ 1, the leading-order velocity in Fluid 2 satisfies no-slip boundary conditions on the fluid interface. Integrating the resulting velocity field over the cross-section of Fluid 2 yields Q 
where F p = −π, resulting from the pressure-driven component of the velocity (9), balances the net pressure force on Fluid 1 which is built into the expansion (19) for u (1) ; however, the additional contribution a 0 (W ) cannot be balanced by the stresses associated with this expansion. The force balance is achieved through the augmented expansion, (21), r i is the distance from a position (r, θ) to a point of tangency between the fluid interface and the channel wall and N is the number of tangent points. For W > 1, there are two tangent points located at (r, θ) = (1, ±π/2); for W = 1, there are two additional points of tangency at (1, 0) and (1, π) .
Boundary layers form at the points where the fluid interface is tangent to the channel walls; expansion (B7) describes the fluid velocity in the outer region away from these boundary layers. For k > 0, the coefficients c In the boundary layer, a local Cartesian coordinate system (x ′ , y ′ ) is defined with unit vectors e x ′ and e y ′ , where e x ′ is tangent to the fluid interface, e y ′ is normal to the interface and directed into Fluid 1, and (0, 0) is the point where the fluid interface is tangent to the wall (corresponding to r i = 0). In the boundary layer, Fluid 2 undergoes shear flow, and by continuity of the velocity on the interface (4a),
where h(x ′ ) = 1 2 x ′2 is the thickness profile of Fluid 2 in the boundary layer. The velocity satisfies no-slip on the channel walls (y ′ = −h(x ′ )). Then, by boundary condition (4b), λ ∂u (1) ∂y
on the interface, y ′ = 0. Balancing this boundary condition for λ → ∞ requires the rescaled inner variables,
indicating an O(λ −1 ) boundary layer thickness. Inserting these variables into Eqs. (2) and (B9) yields the leading order problem for the boundary layer velocity in Fluid 1,
Additionally, the boundary layer velocity is required to match the outer expansion (B7),
and thus,
wherer = x 2 +ỹ 2 1/2 . The far-field solution of Eqs. (B11)-(B12) and (B14) is
where γ is Euler's constant. Finally, the remaining constant in expansion (B7) is obtained from the matching condition (B13),
Here, N = 2 corresponding to W > 1 with tangent points at (r, θ) = (1, ±π/2) or N = 4 corresponding to the case W = 1 which has additional tangent points (1, 0) and (1, π).
b. Correction to Velocity in Fluid 2
Away from the boundary layer, the velocity in Fluid 2 has the form
where u
is the leading-order velocity in Fluid 2 described above. The first-order correction, u are given by
(B19) Although the boundary layer is needed to determine the velocity fields in the outer regions of Fluid 1 and Fluid 2, the direct contribution of the boundary layer velocities to the volume flow rates is negligible to the order given.
The foregoing expansions were assumed to have the extended forms,
1 , and C Here, an analysis is presented for β 1 ≪ 1. Under the assumption that λβ 1 = O(1), the results are uniformly valid in λ. Lubrication approximations are used for the velocity of Fluid 1 (24)-(25) and the shape of the region it occupies (23) (c.f. Fig. 2 ). As discussed in Sec. III B, the lubrication approximation automatically enforces continuity of velocity on the fluid interface.
The tangential stress exerted on the fluid interface by Fluid 2 is given by
whereδ(y) is the thickness profile (23b) of Fluid 1. The tangential stress exerted at the fluid interface by Fluid 1, obtained from the lubrication form (24), is given by λ ∂u
Evaluating Eqs. (C1)-(C2) at x = 0 and inserting them into the tangential stress balance (4b) yields
Boundary condition (26) is obtained by inserting expansion (7) into this result.
Taking the inner product of Eq. (26) with cos α k y over the interval −1 < y < 1 yields the linear system for determining the coefficients c
and α k are the eigenvalues (11b). Here, the matrix M jk is given by
and w j is the forcing due to the the wall-correction velocity (10),
The flow rate Q 1 is given by Eq. (27). The plug-flow contribution to the volume flow rate of Fluid 1 is obtained by inserting velocity (7) into Eq. (28a),
This formula is also obtained from Eqs. (A1)-(A3) for
where the term in brackets decays exponentially in W . The function F 1 (W ) is defined by
which decays exponentially to zero.
1. Limiting Case λβ1 ≪ 1
For λβ 1 ≪ 1, matrix A defined by (C5) becomes diagonal, yielding
where b k is defined by Eq. (C6). Inserting this result into (C9) -(C10) yields critical volume flow rates (33)-(34), where F 2 and F 3 are defined by
and w k (W ) is defined by Eq. (C8). Accordingly, F 2 decays exponentially to the constant 8 (h 5 − 3h 7 ) where h n is given by Eq. (A7) and F 3 decays exponentially to zero.
Limiting Case λβ1 ≫ 1
For λβ 1 ≫ 1, boundary condition (26) reduces to the no-slip condition,
The resulting velocity is given by expansion (7) with coefficients
Substituting these coefficients into (C10) yields Eq. (37) where
decays exponentially to zero. Due to the no-slip boundary condition (C15), the critical flow rate of Fluid 1 vanishes according to Eq. (27b). The leading order non-zero critical flow rate of Fluid 1 is obtained by expanding the velocity of Fluid 2 for λβ 1 ≫ 1,
0 + Λ −1 u
1 + Λ −2 u
2 + · · ·
where Λ = λβ 1 . Here, u
0 is the leading order solution obtained above and the higher-order terms u 
where F 5 is an analytic function that vanishes at y → ±1, a 1 is given by Eq. (39), and c 0 is a constant.
The logarithmic singularities seen in Eq.(C21) indicate the presence of boundary layers at (x, y) = (0, ±1); the foregoing first-order correction u (2) 1 describes the velocity in the outer region away from these boundary layers and the constant c 0 in Eq. (C21) is obtained by matching to the boundary layer velocity.
In the boundary layer, the velocity satisfies Laplace's equation, 1 r ∂ ∂r r ∂ũ 
where (r, θ) defines a local polar coordinate system centered at (x, y) = (0, ±1), the channel walls corresponding to θ = 0 and the fluid interface at θ = ∓ π 2 − β 1 . Here, the inner variables are defined r = Λ m r ,ũ
where m > 0 is assumed. Matching between the inner and outer velocities,
1 ,
and the form of the outer velocity imposed by boundary condition (C21) requires that the far-field form of the inner velocity is lim r→∞ũ
1 = D θ (logr +c 0 ) , D = a 1 (β 1 , W ) π/2 − β 1 (C25) wherec 0 depends on β 1 and W and is obtained by solving the inner problem. The exponent in Eq. (C23) is taken to be m = 1 under the assumption that the first term on the left side of Eq. (C19) must be retained at O(1) in the boundary layer in order to satisfy no-slip boundary conditions atr = 0. This is motivated by the need to balance the integral of the stresses induced by the leading-order outer velocity. Accordingly, the matching condition yields
